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Abstract. We consider Fourier integral operators with symbols in modula- 
tion spaces and non-smooth phase functions whose second orders of deriva- 
tives belong to certain types of modulation space. We establish continuity and 
Schatten-von Neumann properties of such operators when acting on modula- 
tion spaces. 



0. Introduction 

In [6], A. Boulkhemair considers a certain class of Fourier integral operators were 
the corresponding symbols are defined without any explicit regularity assumptions 
and with only small regularity assumptions on the phase functions. The symbol 
class here is, in the present paper, denoted by M°°'^ and contains Sqq, the set of 
smooth functions which are bounded together with all their derivatives. In the time- 
frequency community, M°°'^ is known as a modulation space. (See e. g. [12, 14, 19] 
or the definition below.) Boulkhemair then proves that such operators are uniquely 
extendable to continuous operators on L^. In particular it follows that pseudo- 
differential operators with symbols in M°°'^ are L^-continuous, which was proved 
by J. Sjostrand in [28], where it seems that M°°'^ was used for the first time in this 
context. 

More recent contribution to the theory of Fourier integral operators with non- 
smooth symbols are presented in [24-26]. For example, in [25], Ruzhansky and 
Sugimoto investigate, among others, estimates for Fourier integral operators 
with symbols in local Sobolev-Kato spaces, and with less regularity assumptions on 
the phase functions comparing to [6]. 

In this paper we consider Fourier integral operators were the symbol classes are 
given by M^*'"? where p,q € [1, oo], and with phase functions satisfying similar condi- 
tions as in [6] . We discuss continuity of such operators when acting on modulation 
spaces, and prove Schatten-von Neumann properties when acting on L^. 

In order to be more specific we recall some definitions. Assume that p, g G [1, oo] 
and that w G ^(R^") (see Section [T] for the definition of ^(R")). Then the 
modulation space M^^^(R") is the set of all / G c5^'(R" ) such that 

(0.1) II/IIm- ^{J {J l^ifr:.xmMx,Of dxY^' d^y^' < oo 

(with obvious modification when p — oo or q — oo). Here is the translation 
operator TxXiv) = xiv — x), ^ is the Fourier transform on o5^'(R") which is given 

by 

^.nO = m ^ (Stt)-"/^ / /(x)e-*<-^«> dx 



when / G o5^(R"), and x £ =5^(R") \ is called a window function which is kept 
fixed. For conveniency we set M^'^ — M^^^ when lo — 1. 

During the last twenty years, modulation spaces have been an active fields of 
research (see e.g. [12-15,19,22,32,35]). They are rather similar to Besov spaces 
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(see [2,30,35] for sharp embeddings) and it has appeared that they are useful to 
have in background in time-frequency analysis and to some extent also in pseudo- 
differential calculus. 

Next we discuss the definition of Fourier integral operators. For conveniency 
we restricts ourself to operators which belong to (.5^(R"), o?^'(R")). Here we let 
^{Vi, V2) denote the set of all linear and continuous operators from Vi to V2, when 
Vi and V2 are topological vector spaces. For any appropriate a G J^'(R^"+™) (the 
symbol) and real- valued (/? G C(R^"+'") (the phase function), the Fourier integral 
operator Op^(a) is defined by the formula 



when / £ .5^(R"). Here the integrals should be interpreted in distribution sense 
if necessary. By letting m — n, and choosing symbols and phase functions in 
appropriate ways, it follows that the pseudo-differential operator 



is a special case of Fourier integral operators. Furthermore, if i € R is fixed, and a 
is an appropriate function or distribution on R^" instead of R^", then the definition 
of the latter pseudo-differential operators cover the definition of pseudo-differential 
operators of the form 



On the other hand, in the framework of harmonic analysis it follows that the 
map a ^ at{x,D) from ^(R^") to (^(R"), ^'(R")) is uniquely extendable 
to a bijection from ^'(R^") to .if (J5^(R"), J?^'(R")). Consequently, any Fourier 
integral operator is equal to a pseudo-differential operator of the form at{x, D). 

In the litterature it is usually assumed that a and (p in (|0.2p are smooth functions. 
For example, if a e ,i^(R2"+™) and ip G C°°(R^»+"^) satisfy d"ip G S'g o(R2"+™) 
when I a I = iV for some integer iV > 0, then it is easily seen that Op^(a) is 
continuous on J^(R") and extends to a continuous map from ^'(R") to o5^(R"). 
In [1] it is proved that if d°'(p e (,(R2"+™) when |a| = 2 and satisfies 



for some d > 0, then the definition of Op^ extends uniquely to any a G 5° g(R^"+'"), 
and then Op^{a) is continuous on L^(R"). Next assume that ip instead satisfies 
d°'p G M°°'1(R3") when |a| = 2 and that holds for some dO. This impHes 

that the condition on p is relaxed since Sq q C AI°°-'^. Then Boulkhemair improves 
the result in [1] by proving that the definition of Op^^ extends uniquely to any 
a G M°°'1(R2"+™), and that Op^(a) is still continuous on L2(r,«). 

In Section [2] we discuss Schatten-von Neumann properties for Fourier integral 
operators which are related to those which were considered by Boulkhemair. More 
precisely, let p' G [1, cx)] denote the conjugate exponent of p G [l,c)o]. Then we 
prove that if wi,W2 G ,^(R^") and uj G ^(R"*") are appropriate weight functions, 
p,q & [IjCxd] are such that q < min(p,p') and a G M^^^(R^") then Op^(a) belongs 
to J^p(J^, J^), the set of Schatten-von Neumann operators of order p G [l,c)o] 
from the Hilbert space J^^i — M'^^^s^ to =^ = ^{uj2)' ^^'^^^^ that an operator T 
from Jifi to Jf2 is a Schatten-von Neumann operator of order p if it is linear and 



(0.2) 





(0.3) 
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continuous from 3V\ to and satisfies 



||T||,y^^sup(5]|(r/„5,)^,r) 



i/p 



< oo. 



Here the supremum should be taken over all orthonormal sequences (/j) in and 
[gj) in 

Furthermore, assume that p,q G [1, oo] are such that < p and p < p' , m — n and 
instead a{x,y,£_) = b{x,^), for some b £ M^'''?(R^"), and that in addition 



holds for some constant d > 0. Then we prove that Op^{a) G J^p. When proving 
these results we first prove that the they hold in the case p = 1. The remaining 
cases are then consequences of Boulkhemair's result, interpolation and duality. 



In this section we discuss basic properties for modulation spaces. The proofs are 
in many cases omitted since they can be found in [10-16, 19,33-35]. 

We start by discussing some notations. The duality between a topological vector 
space and its dual is denoted by ( • , • ). For admissible a and b in .5^'(R"), we set 
{a,b) = {a,b), and it is obvious that ( • , • ) on is the usual scalar product. 

Next assume that and ^2 are topological spaces. Then ^1 ^ ^2 means 
that ^1 is continuously embedded in In the case that ^1 and ^2 are Banach 
spaces, ^ M2 is equivalent to C ^2 and ||a;||,^2 < C||a;||.^j, for some 
constant C > which is independent of a; G Mi . 

Next we discuss appropriate conditions for the involved weight functions. Let 
uj,v € L;^^(R") be positive functions. Then u is called v-moderate if 



for some constant C > 0, and if v in (|l.ip can be chosen as a polynomial, then 
uj is called polynomially moderated. Furthermore, v is called submuUipUcative if 
(|l.ip holds for UJ = V. We denote by ,^(R") the set of all polynomially moderated 
functions on R". 

Assume that p,q € [l,c)o], and that x £ o5^(R") \ 0. Then recall that the 
modulation space M(^J,^(R") is the set of all / £ ^'(R") such that holds. 
We note that the definition of M^'^^(R") is independent of the choice of window 
and that different choices of x give rise to equivalent norms. (See Proposition ll.il 
below.) For conveniency we set M^^^ = M^^. Furthermore, if w = 1 we also set 

The following proposition is a consequence of well-known facts in [12, 19]. Here 
and in what follows, we let p' denote the conjugate exponent of p, i. e. 1/p+l/p' — 1 
should be fulfilled. 

Proposition 1.1. Assume that p,q,pj,qj £ [l,oo] for j = 1,2, and uj,lu 1,102, v £ 
are such that oj is v-moderate and u)2 < Cuji for some constant C > 0. 
Then the following are true: 

(1) j/ X e M(\,)(R") \ 0, then f £ M(^^-'(R") if and only if ^ holds, i. e. 
M^'^^(R") is independent of the choice of x- Moreover, M^^-^ is a Banach 
space under the norm in (|0.ip . and different choices of x give rise to equiv- 
alent norms; 

(2) if pi < P2 and qi < (72 then 



(0.5) 



|det«^)| >d 



1. Preliminaries 



(1.1) 



iu{x + y) <Cuj{x)v{y), x,y £W\ 



^(R") M^XfiW^) ^ Mf-f (R") ^ J^'(R"); 
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(3) the product ( • , • ) on 5^ extends to a continuous map from Af^^'^(R") x 

M^^J^^{Yl"') to C. On the other hand, if \\a\\ — s\vp\{a,b)\, where the 
supremum is taken over all b G ^(R") such that p' < 1, then \\ • \\ 

and II • IIa/p.9 are equivalent norms; 

(4) ifp, q<oo, then J^(R") is dense in MP;«(R"). The dual space o/MP;,«(R") 

can be identified with M^y^^CR"), through the form (•, •)l2. Moreover, 
=5^(R") is weakly dense in (R"). 



Proposition 11.11 (1) permits us be rather vague concerning the choice of x S 
M^^^ \ in IjO.ip . For example, if C > is a constant and SI is a subset of y, then 
IIoIIm^"'^ < C* for every a S SI, means that the inequahty holds for some choice of 
X G M^^-^ \ and every a e fl. Evidently, for any other choice of x G M^^-^ \ 0, a 
similar inequality is true although C may have to be replaced by a larger constant, 
if necessary. 

It is also convenient to let A4^^*^(R") be the completion of o5^(R") under the 
norm || • Hm^"'^- Then ■M■^^^^ C with equality if and only if p < oo and q < oo. 

It follows that most of the properties which are valid for M^''^^(R" ), also hold for 

We also need to use multiplication properties of modulation spaces. The proof of 
the following proposition is omitted since the result can be found in [12, 14,34,35]. 

Proposition 1.2. Assume that p,pj,qj G [l,oo] and ujj^v e ^(R^") for j — 
0, . . . , N satisfy 

1 111 1 1 

— + ••• + — = — , — + ••• + — =A^-1 + — , 

Pi pn po qi qN qo 

and 

^q{x,£,1 H h^Ar) < Cuji{x,^i) ■ ■ ■ujn{x,£,n), . . - Cat e R", 

for some constant C. Then (/i, . . . , f^) i-^ /i • • • /jv from ^(R") x • • • x o5^(R") to 
J5^(R") extends uniquely to a continuous map from M^^'^f (R") x • • • x M^J^''^" (R") 
toM^^'J^^iR-), and 

ll/l • • • /a'IIm™'''0 < C\\fi\\j^.jPi.ii • • • ||/Ar||jv/f"''" 
{^0/ y^ii (i^jv) 

for some constant C which is independent of fj £ Af(^ .)^ for i — 1, . . . , N . 

Furthermore, if uq = when p < oo, v{x,S,) = w(^) G ^{R") is submultiplica- 
tive, f € Mj'^^^(R"), and (j>,Tp ore entire funcitons on C with expansions 

oo oo 



k=0 k=0 

then (l){f) e Mf;^{R"), and 

mf)h,p^ <c^{c\\f\\,,p..), 

for some constant C which is independent of f G Mj^J^^(R") 

Remark 1.3. Assume that p, g, (ji, 92 G [l,oo], cji G ^(R") and that G ^(R^") 
are such that to is w-moderate. Then the following properties for modulation spaces 
hold: 
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(1) if qi < 92 > max(p,p') and uj{x,^) = lui{x), then M^^l^^ C 
Lf , C Mff. In particular, Mf , = L'j 

(2) if = then Mf^^{IV^) ^ C(R") if and only if g = 1; 

(3) M^'°° is a convolution algebra which contains all measures on R" with 
bounded mass; 

(4) if xo e R" and wo(^) = w(a;o,C), then n £" = n S" . Further- 
more, if i? is a ball with radius r and center at xq, then 

c-^ii/iIl' , < \\f\\Mr<c\\f\\L^, /G^'(s) 

for some constant C which only depends on r, n, uj and the chosen window 
functions; 

(5) if = uj{£_,x), then M^^^ is invariant under the Fourier transform. A 
similar fact holds for partial Fourier transforms; 

(6) for each x, ^ e R" we have 

l|e'<- -x)\\M^<Cv{x,mf\\M^. 

for some constant C; 

(7) if u:{x, = io{x, -i) then / e Mf^« if and only if / e M^^^. 

(See e.g. [10-12,14-16,19,35].) 

For future references we note that the constant Cr,n is independent of the center 
of the ball B in (4) in Remark [Ql 

In our investigations we need the following characterization of modulation spaces. 

Proposition 1.4. Let {xa}a&i he a lattice in R", Ba ^ x^ + B where B C R" 
is an open ball, and assume that fa € (^'{Ba) for every a G I . Also assume that 
p,q & [1, oo]. Then the following is true: 

(1) if 

(1.2) f = J2f» F(0^(5]|7a(C)c^(x«,^)r)'^'eLnR"), 

then f £ M'^^''y and f \\F\\li defines a norm on M^^l^ which is equivalent 
to II • IIm-^ in {QID; 

(2) if in addition UqBq = R", X 6 C!o°iB) satisfies J2a^(' ^ ^a) = 1; / ^ 
M^{R''), and = /x( • - x^), then fa S <?'(Ba) and JTl]) is fulfilled. 

Proof. (1) Assume that x ^ C^(R") \ is fixed. Since there is a bound of over- 
lapping supports of fa , we obtain 

I^(/X(- -x))(C)c.(x,e)| <5]|^(/«X(- -xmMx,o\ 

<c(^i^(/„x(- -x))(c)c.(x,c)r)'^'. 

for some constant C. From the support properties of x, and the fact that w is 
w- moderate for some v G ,^(R^"), it follows for some constant C independent of a 
we have 

l^(/aX(- ~XmMx,0\<C\.^{faXi- -XmMXa,0\- 
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Hence, for some balls B' and B'^ — Xa + B' , we get 

^^{T. f {\fM^a,-)\*\xv{o,-}mYdxy' 

a 

for some constants C and C" . Here we have used Minkowski's inequality in the 
last inequality. By applying the L'^-norm and using Young's inequality we get 

ll/IU- <C"||F* 1X^(0, ■)\\\L.<C"\\Fh4xv{0, 

Since we have assumed that F £ L'^, it follows that ||/||AfP'9 is finite. This proves 

(1). 

The assertion (2) follows immediately from the general theory of modulation 
spaces. (See e.g. [19,20].) The proof is complete. □ 

Next we discuss (complex) interpolation properties for modulation spaces. Such 
properties were carefully investigated in [12] for classical modulation spaces, and 
thereafter extended in several directions in [15], where interpolation properties for 
coorbit spaces were established. As a consequence of [15] we have the following 
proposition. 

Proposition 1.5. Assume that < 6* < 1, Pj,qj G [l,oo] and that uj G 
for j = 0, 1, 2 satisfy 

1 1-0 9 1 1-9 e , .on 

— = 1 , — = \ ana ujq — uj-, ujn- 

Pa Pi P2 qo qi 92 

Then 

(M^'-^^HR"), A^^-«;(R"))[,] = A^^-^;(R"). 

Next we recall some facts in Chapter XVIII in [21] concerning pseudo-differential 
operators. Assume that a G J^(R^"), and that t G R is fixed. Then the pseudo- 
differential operator at{x, D) in IjO.Sp is a linear and continuous operator on ^(R"), 
as remarked in the introduction. For general a G .5^'(R^"), the pseudo-differential 
operator at{x,D) is defined as the continuous operator from ^(R") to ^'(R") 
with distribution kernel 

(1.3) KtAx.y) - (27r)-"/2(^-l^)((i _ i)^. + ty,y- x), 

Here is the partial Fourier transform of F{x,y) G .5^'(R^") with respect to 

the y-variable. This definition makes sense, since the mappings ^2 and F{x, y) 1-^ 
F((l — t)x + ty,y — x) are homeomorphisms on .5^'(R^"). We also note that this 
definition of at{x, D) agrees with the operator in l|0.3p when a G ^(R'^™). 

Furthermore, for any f G R fixed, it follows from the kernel theorem by Schwartz 
that the map a ^ at{x,D) is bijective from ^'(R^") to if (^(R"), ^'(R")) (see 
e.g. [21]). 

In particular, if a G ^'(R^'") and s, t G R, then there is a unique b G ^'(R^™) 
such that as{x,D) — bt{x,D). By straight-forward appHcations of Fourier's inver- 
sion formula, it follows that 

(1.4) as{x,D)^bt{x,D) ^ 6(a;,0 = e'^*-^)<^-^«>a(x,0. 
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(Cf. Section 18.5 in [21].) 

We end this section by recalling some facts on Schatten-von Neumann operators 
and pseudo-differential operators (cf. the introduction). 

For each pairs of Hilbert spaces ^ and the set J^p(^,^) is a Banach 
space which increases with p G [l,oo], and if p < oo, then J^p(J^,J^) is con- 
tained in the set of compact operators. Furthermore, J^i{J^ifi, ^2), >-^2(>^,=^) 
and =/oo(^,^) agree with the set of trace-class operators, Hilbert-Schmidt op- 
erators and continuous operators respectively, with the same norms. 

Next we discuss complex interpolation properties of Schatten-von Neumann 
classes. Let p,pi,P2 € [i-,00] and let < ^ < 1. Then it holds 

^ -j^ Q Q 

(1.5) J^p = (^pi, J^pJ[e], when - = + —. 

^ P Pi P2 

We refer to [?,27] for a brief discussion of Schatten-von Neumann operators. 

For any t e R and p £ [1, cx)], let St,p(wi, ^2) be the set of all a G =5^'(R^") such 
that at{x,D) e yp{M^^^y M^^^-^) . Also set 

ll«l|st,p = ll«llst,p(a;i,a;2) = IMx, D)\\jr^f^Mf^^^ Mf^^^) 

when at{x,D) is continuous from ^f^,^) to M^^^^y By using the fact that a 
at{x, D) is a bijective map from ^^^'(R^") to it follows that the 

map a 1-^ at{x, D) restricts to an isometric bijection from St,p(a;i, <x'2) to ^p{M^^_^y M^^^<^) . 

Here and in what follows we let p' € [l,oo] denote the conjugate exponent of 
p e [1,00], i.e. 1/p+l/p' = 1. 

Proposition 1.6. Assume that p,qi,q2 £ [1,cxd] are such that qi < min(p,p') and 
q2 > max.{p,p'). Also assume that uj\,W2 € ^(R^") and uj,u)q G ^(R*") satisfy 

uJ2{x-ty,^+{l-t)r]) 

a;r(. + (l-t),,^-i,)="("'^'^'^^ 

and 

i^o{x, y, ^, v) = '^((1 - t)x + ty, t^-{l- t)r], ^ + r],y-x). 
Then the following is true: 

(1) Mf;«^(R2") C s,,p{couu,2) C Mf;f (R2"); 

(2) the operator kernel K of ai{x,D) belongs to M^'^^^(R^") if and only if 
a G M^^^(R^") and for some constant C, which only depends on t and the 
involved weight functions, it holds \\K\\j^p = CllalL^p 

Proof. The assertion (1) is a restatement of Theorem 4.13 in [36]. The assertion 
(2) follows by similar arguments as in the proof of Proposition 4.8 in [36], which 
we recall here. Let X) V' S ^(R^") be such that 

i'{x,y)= I x{{l-t)x + ty,Oe'^y--^^U^. 



By applying the Fourier inversion formula it follows by straightforward computa- 
tions that 

\^{K^a:-tv,x+{i-t)v)i^){^ + {i-t)v,-C + tv)\ = |^(aT(^,j)x)(j/,?7)|. 
The result now follows by applying the L^^-^ norm on these expressions. □ 
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2. Continuity properties of Fourier integral operators 

In this section we extend Theorem 3.2 in [5] in such way that more general 
modulation spaces are involved. In these investigations we assume that the phase 
function Lp and the amplitude a depend on x,y € R" and C £ R™. For conveniency 
we use the notation X,Y, Z, . . . for tripples of the form {x, y, C) G R^""*"™. We start 
to make an appropriate definition of the involved Fourier integral operators. 

Assume that v £ ^(R2"+™ x r2"+™) ig sub-multipHcative and satisfies 

v{X,£,,'q,z) =v{£„-q,z), and 

(2.1) 

v{t-)<Cv C,^eR"2eR™, 

for some constant C which is independent of t G [0, 1] (i. e. v{X, ^, ry, z) is constant 
with respect to X e R^"+™. For each real- valued S C^(R^"+™) which satisfies 
d^ifi € M^^^, and a e J^(R^"+™), it follows that the Fourier integral operator 
/ 1-^ Op^{a)f in l|0.2p is well-defined and makes sense as a continuous operator 
from J?^(R") to ^'(R"). If /,g G J?^(R"), then 

(Op^(a)/,g) - (2^)-"! a(X)e'^W/(j/)^dX 

In order to extend the definition we reformulate the latter relation in terms of 
short-time Fourier transforms. 

Assume that 0<x,ip& C^(R2"+") and < xo e C^(R") are such that 

IIxoIIli = IIxIU^ = i, 

and that Xi — {xi,yi,C,i) G R,2n+m usual. By straight-forward computations 
we get 

(Op^(a)/,ff)= J a{X)f{y)^e^^^''Ux 

^ jj a{X + X,)x{X,ff{y + yi)xo{yi)g{x + xi)xo(a:i)e^'^(^i)'^(^+^i) dXdX^ 

If ^1^20, denotes the partial Fourier transform of a{x, y, with respect to the x 
and y variables, then Parseval's formula gives 

(Op Ja)f,g) 




F(X,e,?7,Ci)^(/(y+ •)Xo)(-r/)^(5(x+ ■)xomdXd^dvdCi 



= 1111 i^(^,e,»7,Ci)(V^xo,/)(y,-^)(^^xo<7)(^,Oe-'(<"'«>+<^^''»d^rfed?7rfCi, 

= JJJ ( J F{X, e, V. Ci) dCi) (^xo/)(y, ~v)iV^o9)ix, Oe-«-'«>+<^^''» dXd^drj, 
where 

F{X, e, r;, Ci) - ^lAe'"^^ ■ '^^^^^""^^ ■ '^^"«(^ + ( • , Ci))x( • , Cif) it v)- 
By Taylor's formula it follows that 

i'{Xi)ip{X + Xi) = 7/;(Xi)^i,x(^i) + X{Xi), 

where 

i^,,xiXi)=ip{X) + {ip'{X),X,) 

(2.2) .1 

V'2,x(^i) =V'(^i) / il-t){ip"iX + tX,)X,,Xi)dt. 
Jo 
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By inserting these expressions into the definition of F{X, ^,riXi), and integrating 
with respect to the Ci-variable give 



F(X,^,7?,Ci)dCi 

= 'Ha,ip{X,£_,ri), 

where 

Ha AX. ^) = hx * {^{a{ ■ +X)x))(i -v'AX),v- ^y{X), -^'^iX)), 

(2.3) 

and /ix = (27r)-"(j?(e''^^'^x)) 
Summing up we have proved that 
(Op^(a)/,g) = TaAf.g) 

(2.4) 



Ha,^ {X, V) {V^o f) (y, -V) {V^o 9) Oe-^""'«>+<^'"» dXd^dr,. 
If a G J5^'(R2"+'"), f,g G J?^(R») and that the mapping 



belongs to L1(R2"+™ x R^"), then we still let Ta^f^g) be defined as the right- 
hand side of p.9p . In what follows we use (|3.9p to extend the definition of Fourier 
integral operator with more general amplitudes. Here recall that if for each fixed 
fo & y and go G =5^, the mappings / ^ T{f,go) and g i— > T{fo,g) are continuous 
from ^ to C, then it follows by Banach-Steinhauss theorem that 

if,9)^nf,g) 

is continuous from ^5^ x ^ to C. 

Definition 2.1. Assume that v G i^(R^"+™ x R,2n+m^ submultiplicative and 
satisfies ([23]), (/? G C2(R2»+'») is such and that d^ip G M^-^^ , and that a G 
o5^'(R^"+™) is such that / i-^ Ta^^{f,go) and g Ta_^(/o,(?) are well-defined and 
continuous from ^(R") to C, for each fixed /o,<?o G ^(R"). Then (a, (y9) is called 
admissible, and the Fourier integral operator Op^{a) is the continuous mapping 
from J5^(R") to ^'(R") which is defined by the formulas {ISl), {Hill) and (031). 

Our general continuity results also includes weights which satisfy conditions of 
the form 

^^^^ < Clu{X, ^ - ^'^iX),7j v'^iX), ~^'^iX)), 

(2.5) ^i{y,-v) 

X = (a:,y,C)GR2"+"\ ^,77GR". 

Theorem 2.2. Assume that d > 0, uj,v e ^(R2"+™ x r2»+™) and uji,uj2 G 
^(R^") are such that l|2.ip and l|2.5p are fulfilled and that v is submultiplicative. 
Also assume that Lp G C2(R2»+") is swc/i i/iai G M|^y\ a G ^'(R2"+"), and 
that one of the following conditions hold: 
(1) |det(iy9"^)| > d and \\a\\ < oo, where 

(2.6) ||a|| = sup ( / \Vxa{X,^,r],z)uj{X,^,T],z)\dz) < oo; 
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(2) m = n, \ det((p" ^)| > d and \\a\\ < co, where 
(2.7) ||a|| = sup ( / \V^a{X,^,7^,z)Lo{X,^,7j,z)\dA; 



(3) m = •n,\ det(iy9^' ^)| > d and ||a|| < oo, where 
(2.8) ||a|| = sup ( / \Y^a{X,i,^,z)u(X,i,^,z)\dr^. 



Then {a,ip) is admissible, and Op^(a) extends to a linear and continuous operator 
/romMi^^)(R«) to M(- ^(R"). 

Moreover, for some C which is independent of a and ip it holds 



(2.9) 



C\\a\\ 



|Op^(a)llMi ,^Mr , ^ — j— exp(Cl|¥J IIm~-0- 



We need some preparing lemmas for the proof. 

Lemma 2.3. Assume that w(x,^) — w(^) e ^(R") is submultiplicative and sat- 
isfies v{t^) < Cv{^) for some constant C which is independent of t E [0,1] and 
C G R". Also assume that f £ M^j^{R''), x & C^^IR") and that x G R", and let 

Vx.j.kiy) = xiy) / (1 - t).fi^ + ty)yjyk dt. 

Jo 

Then there is a constant C and a function g £ Af(?^^(R") such that ||.9||mi ^ 
C\\f\\,,^.^ and\J^{ip^^,,k)m<9iO- 

Proof. We first prove the assertion when % is replaced by V'o(y) = e"^'*'' . For 
conveniency we let 



V'i(y) = e and ^'2(2;) = el^l^ 



and 



X 

We claim that ^, defined by 



(2.10) 



(l-<)i7ooj(77)e-l«-*''l'/i6d,^di, 



fulfills the required properties. 

In fact, by applying norm on g and using Minkowski's inequality and Re- 
mark [T3] (6), we obtain 

ll5llM,^„, j^^- t)H^Av)e-\^-''^^"' dr^dt\^^^ ^ 

< f [{l~t)H^j{^)\\e-\--'^\'/''\Undr^dt 



<Ci / / (l-0^oo,/(r/)||e 



-i-r/16 



Mi^ v{tr]) dridt 



<C2 / il^t)H^j{r^)vme-\-\''/''\\Midvdt 



C3\\H^jvh^=Cs\\f\\,,. 
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In order to prove that \^{iPx,],k)iO\ < giC), we let i>{y) = ipj,k{y) = yjUkipoiv)- 
Then 

Vx.,j,k{y) = i^iy) I -t)fix + ty)dt. 



By a change of variables we obtain 



\-^iv.,,,km\ = I / {l-t)[ff{x + ty)My)e-^(y^^^ dy) 



(2.11) 



dt 



< f\-'\i-t) sup ~x)/tm/t)\dt. 

Jo £ceR" 

We need to estimate the right-hand side. By straight-forward computations we get 

< (27r)-"/2(|^(/^i(. - -x)/t)M- -x))\){0 

^ {2n)-/'{\^{fM- -x))\ * W(- A)V'2)|)(C) 

where the convolutions should be taken with respect to the ^-variable only. This 
implies that 

(2.12) inf^ii- -a;)A))(e)| <(27r)-"/2(i7^,/*|^(V'(-A)V'2)|)(0 
In order to estimate the latter Fourier transform we note that 

(2.13) |^(V'(-A)V'2)| = \d,dk^{M-/t)i'2)\. 

Since ipo and 1/^2 are Gauss functions and < t < 1, a straight-forward computation 
gives 

(2.14) ^{M ■ A) ^2)(0 - ^2^(2 - i2)-„/2g-t^|«|V(4(2-t=))_ 

A combination of l|2.13p and l|2.14p therefore give 

(2.15) |^(^(.A)V'2)(C)I <^^t"e-*'l«l'/'', 

for some constant C which is independent of t € [0, 1]. The assertion now follows 
by combining {MU, ([2^2]) and i(2T^ . 

In order to prove the result for general x € Co°(R") we set 

hx,j.h{y) = ipo{y) / (1 - t)f{x + ty)yjyk dt, 
Jo 

and we observe that the result is already proved when (fixj.k is replaced by hx,j.h 
and moreover yyx.j,k = Xihx,j,k, for some xi ^ C^(R"). Hence if 170 is given as the 
right-hand side of (|2.10p , the first part of the proof shows that 

\-^{Vx,j,km\ = [^{xihx^,AO)\ < (2^)-"/2|KI *.9-0(O ^5(0- 
Moreover \\go\\M} , <C\\f\\ 



Since M^^^ * L^^^ C M^_^y we get for some positive constants C, Ci 

which proves the result □ 
As a consequence of Lemma [2731 we have the following result. 



0,1 . 
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Lemma 2.4. Assume that = w(^) € ^(R") is submultiplicative and sat- 

isfies v{t^) < Cv{^) for some constant C which is independent of t £ [0,1] and 
^ e R". Also assume that fj^k e M^j^{W) for j, k = 1, . . . ,n, x ^ C^(R") and 
that X G R", and let 

'Px{y)= ^ Vx,],k(.y), where fx,j,kiy) ^ xiv) {'^ -t)fj,k{^ + ty)yjykdt. 

j,k=l,...,n 

Then there is a constant C and a function £ Af^^^^(R") such that 
II^IIm,! , < exp(Csup ||/j,fc||M-.i) 

and 

(2.16) |^(exp(*^,)(0)| < (2^)"/2<5o + $(0- 

Proof. By Lemma [231 we may find a function g G M^^-^ and a constant C such that 

\^xm < giO, Mmi , < Csupdl/,- 1. 

(") jk 

Set 

To = (2^r/2<5o, T,=.g*...*g, Z > 1, 

with I factors in the convolutions. Then by Taylor series expanding, there is a 
constant C such that 

oc oo 

|^(exp(*^,(.))(e))| <Y.C'^i^Jl\ < J2c'Ti/U 

1=0 1=0 

Hence, if we set 

oo 

^ = J2c'Ti/l\, 

1=1 

it follows that l(2J6l) holds. 

Furthermore, since v is submultiplicative we have 

\\^i\\Mi^^^\\9^---^9\\Mi^^<iCi\\g\\MiJ, 

for some constant Ci. This gives 

oc 

oo oo 

< Y.^C^\\3\\An y < Xl(^2sup(||/j-fe||j(^^,i)' < exp(C'2Sup||/j-fc||j,,^oc,i), 
1=1 1=1 

for some constants Ci and C2. This proves the assertion. □ 

Proof of Theorem \2.2l We only prove the result when (1) if fulfilled. The other 
cases follow by similar arguments and are left for the reader. 
Since 

< (2^)-"+™/2|^(e**^^- I * Ixl, \^{a{ ■ + X)x)\ - \V^a{X, . )|, 
(|3.7p . and Lemma [2^ give 

\HaAX,Lv)\ < C{G * \V^a(X, ■ m - ^UX), V - v'y{X), 
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for some G G L^v) which satisfies HGUli ^ < C'exp(C||(p"||^^oo,i. By combining this 
with l|2.5p and letting 

Ea.uj{^,V,z) = snp\V^a{X,^,f],z))uj{X,^,r],z)\ 

X 

(2-17) F,{x,i)^\V^J{x,i)u;^{x,Ol 
F2{x,i) = \V^,g{x,OI^2{x,i)\, 

we get 

Ci jjj{G*\V^a{X, ■)m-^',{X),ii~v'y{X),-^'^{X))x 
\{V^J){y,-7i)(V^,Mx,i)\dXdidr^ 
<C2jjj{G* Ea,U( - ^'JX), r; - ^^(X), ~ip'^{X))x 
F,{y,-r,)F2ix,0dXd^dr^ 

< CsWGhi^^ JJJ (EaAC - v'Ax).v- v'yiX), -v'c{X))x 

Fi{y,~rj)F2{x,0dXd^dr,. 



< 



|(0p^(a)/,5)| < Cexp(C||¥>"||^,ooa)x 



Summing up we have proved that 

J' I 

(f) 

(2.18) p p I, 

y< JJJ (EaA^ " ^'.(X), V - ^yiX), -ip'^{X))F,iy, ~v)F2ix, C) dXd^dr^. 

By taking x, y, —ip'(-{X),^, t] as new variables of integration, and using the fact that 
|det((/9"^)| > d we get 

\naAx, v) (v^xo /) (y, (^xo .9) {x.X)\ dxd^dr^ 

•^3 II, //, 



II^"IIm-^ //// { EaAi-^',{xu~^'y{x),z)dzy 



I (^xo /) (Z/: -?7)t^i (y, ~V) (Vxog) (x.. 0/^2(2;, 1 dxdyd^di] 
< £MMexp(C||(^"llM-0 //// \{VxJM~v)My,-v)iVxo9)i^,0/^2ix,0\dxdyd^dv 

= ^exp(C||^"I|,,^^,0||/||M^^^^,ll5llM,V^^^,. 

This proves that (|2.9p holds, and the result follows. □ 

Next we consider Fourier integral operators with symbols in M^'^j^(R^"+™). The 
following result generalizes Theorem 3.2 in [6]. 

Theorem 2.5. Assume that 1 < p < oo, d > 0, uj,v e ^(R2"+" x r2»+™) 
and uji,uj2 G ^^(R^") are sttc/i i/iai l|2.ip anrf (|2.5p are fulfilled and that v is 
submultiplicative. Also assume that if € C2(R2»+") is such that d"ip € M^j^ for 
\a\ — 2 and i|0.4p are fulfilled. Then the following is true: 



14 



FRANCESCO CONCETTI, GIANLUCA GARELLO, AND JOACHIM TOFT 



(1) the map a ^ Op^(a) from ^(R2"+™) to (^(R"), ^'(R")) extends 
uniquely to a continuous map from M('^j^(R2'*+™) to ^(J5^(R"), J?^'(R")); 
(2) if a e Af(^j^(R2"+™), then the map Op^(a) from J?^(R") to J?^'(R") is 
uniquely extendable to a continuous operator from M|^^^(R") to Af^^^^(R"). 
Moreover, for some constant C it holds 

(2.19) II Op^{a)\\M^^^^^M-^^^ < Cd^i||a|U,^oc,i exp(C||^"|lM-0- 

Proof. We shall mainly follow the proof of Theorem 3.2 in [6]. First assume that 
a e C^(R2"+™). Let f,ge .9'{W). Then it follows tha Op^(a) makes sense as a 
continuous operator from ^ to 5^' . By letting 

C^-Cexp(C||(/p"|lM-0, 

where C is the same as in l|2.18p . it follows from l|2.17p . (|2.18p and Holder's inequal- 
ity that 

(2.20) |(0p^(a)/,5)| <C^Ji- J2, 
where 

, i/p 



Ji = {jJJ {EaA^~V^'.{X),V~'Py{X),-V^'c{X))F,{y,-r,rdXd^dr^y 

J^^iJJJ (^-■-(^ -v'AX),rj^ ip'yiX), ~ip'^{X))F2iy, ~vY' dXd^drj)'^' . 

We have to estimate Ji and J2. By taking z — (p'^{X), C.o — 'P2{X), y, ^ and rj as 
new variables of integrations, and using l|0.4p . it follows that 

Ji < (d~' JJJiEaA^~v'AX),V~Co,^)Fiiy,-vrdydzd^dvdCoy^'' 
= {'^'^ jj I {Ea,M,Cf),z)Fi{y,-r,rdydzd^df^dCo] 

Hence 



i/p 



(2.21) Ji<d-i/^||a||;;L,,||/ 



lAff 



If we instead take x, yQ — ip'^{X), ^, r/ and Co = Vii^) as new variables of integra- 
tions, it follows by similar arguments that 



^M' J2 <<c|-i/'''||a|| 



i/p' 



\9\ 



A combination of l|3.10p . p. lip and l|3.1ip ' now give 

|(Op^(a)/,g)| <Cd-i||a|U,^ i||/||M,^ JlslU^' exp(||(^"||^^^ 1), 

which proves (|2.19p . and the result follows in this case. 

Since is dense in Mf ^ and Mf, , ^ , the result also holds for a e and 

(1^1) (1/1^2)' u 

/ e MP('^i' . Hence it follows by Hahn-Banach's theorem that the asserted extension 
of the map a ^ Op^{a) exists. 

It remains to prove that this extension is unique. Therefore assume that a S 
M^l^^ is arbitrary, and take a sequence Qj G for j = 1,2,... which converges 
to a with respect to the narrow convergence (cf. [28,36]). Then Ea^^ui converges to 
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Ea^ui in as j turns to infinity. By l|2.2p - p.9p and the arguments at the above, it 
follows from Lebesgue's theorem that 

{Op^{aj)f,g) (Op^(a)/,5) 

as j turns to infinity. This proves the uniqueness, and the result follows. □ 

Remark 2.6. Assume that a G M°°'^(R^"+™) and that the assumptions on ip in 
Definition 12.11 is fulfilled with v = 1. Also assume that k G C^(R™) satisfies 
k(0) = 1. Then it is proved in [5], the Fourier integral operator 

3. SCHATTEN-VON NEUMANN PROPERTIES OF FOURIER INTEGRAL OPERATORS 

In this section we discuss Schatten-von Neumann operators for Fourier integral 
operators with symbols in Af^^'^(R^") and phase functions in M^^^'^(R'^"), for appro- 
priate to and V. In these investigations we assume that the phase functions depend 
on x,y,£, G R" and that the symbols are independent of the y variable, and for 
conveniency we use the notation X,Y,Z,... for tripples of the form {x, y, ^) e R'^". 

In order to establish a weighted version of Theorem 2.5 in [?] we list some 
conditions for the weight and phase functions. In what follows we assume that 
if G C2(R3"), LUo,iu G ^(R4"), vi G ^(R"), V2 G ^(R^"), v G ^(R^") and 
Sj,tj G R for j = 1, 2 satisfy 

(3.1) |det((^;',^(x,2/,0)l >d 

(3.2) ujo{x,y,^,Lp'y{x,y,Tj)) = tj(x,?7,$ - ip'^{x,y,'q),~Lp'^{x,y,-q)) 
and 

^o[x,y,(„T] + C) < ujQ{x,y,£„'q)vi{C), x,y, £,,!],( G R" 

(3.3) uj{x,T],£,i +£,2,yi +y2) < uj{x,ri,£,i,yi)v2(i2,y2), x,yi,y2,£,i,£,2,V G 

v{x,y,C,£.,V,z) = vi{ri)v2{£„z), a;, y, z, ^, 77, C G R". 

Theorem 3.1. Assume that p G [l,c)o], d > 0, w G ^(R^") is submultipKcative, 
loq^uj G ^(R''") and that ip G C(R'^") are such that (p is real-valued, d^ip G M^j^ 
for \a\ — 2 and p.ip - p.3p are fulfilled. Then the map 

a ^ Ka.^{x,y) = I a(x,e)e'^(^'^^«' d^, 

from ._5^(R^") to .5^'(R^") extends uniquely to a continuous map from M^^^(R^") 
toM^^JR^n- 

For the proof we need the following lemma. 

Proof of Theorem \3.1\ First assume that p — 1, and let x G C^(R") be such that 
/Xi rfa; 1, X = X2 = Xi ® Xi, X3 ^Xi®Xi®Xi and G C^(R3") be such that 
ij) = 1 \n suppxs- We also let Xi — (xi,?/i,Ci), X — {x,yX), and consider the 
modulus of short-time Fourier transform of the distribution kernel of Ka^^p, i. e. 

= J a(xi,Ci)e*'^(^^)x2(a;i-2:,yi-y)e-^(<^-«>+<^-''»dXi|, 
= JJ a(a;i, Ci)e*^(^^)x3(^i - X)e-'(<^i'«>+<^i'''» dXidc\ , 
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and note that the L^^^ynorm of la is equivalent to the M^^^^^-norm of Ka^^p in view 
of Remark 11.31 By a change of variables it follows that 



In a similar way as in Section [2] we let ipi^x and ip2,x be defined as in i|2.2p . By 
letting ai(x,?/,^) = a(x,^), an application of Taylor formula on (p gives 

a(a;i +a;,Ci +C)e*'^''^'^''x3(^i)e"'^<''''^^+<^''''^"''''-^^-^'^^dXidC 



e'^W^(a(. +x, ■ + Ox^e'^^'^ni^ ^ v'i{X),r, - ip'^{X),-ip'^{X))dC 

< /(l^(«iX3(- ~X))\*\^{e^^'^'-M-ip[{X),v-^',{X),-ip',{X))dC 
This implies that 



(3.4) 
where 



Ia{x,y,^,il) < ^Ia,k{x,y,£„v)/kl, 



fc=0 



a,oix,y,^,ri)= y(l^(aiX3(- ^ X)M ^ ^[iX),7^ ~ ip',{X), ^^',{X)) 



dC 



laMx, y, ^,v)^ / (l=^(«i X3( • - * <J>fe,x(C - ^[{X), V - A{X), dC, 



k,X 



|^(^2,X)|*---*|=^(^2,X)|, k>l. 



Here the number of factors in the latter convolutions is equal to k. 

We need to estimate the L^^^^^ norm of Ia,k{x, y, ^, rf), and start to consider the 
case k = Q. 



Next we consider Ia,k{x, y, ^, 77) when k >1. An application of Lemma [STTl shows 
that there is a function G such that \-^['tp2.x)\ < G and ||G||ii ^ < C||(/5"||^cx=,i 

for some constant C > 0. Hence if Tfc = G * • • • * G with k factors of G in the 
convolution, then it follows that |$fcx| < and that HTfeH^^i < G''||(/?"||^ 00 1, 

where the latter inequality follows from the fact that v is submultiplicative. 
By letting £,a = £, - ^{{X), yo = -(fisiX) and 

Jk{x,y.X,V,z) = |=^(aiX3(- --'^))| * Tfc(Co, ?? - '/'2(^), Z/o), 
we therefore get 

Ia,k{x,y,tv) < J Jk{x,y,tv,Od( 

and 

Jk{x,y,£„'n,(:;) 

^ \yx"-ix,C,^o -6,yo - yi)\\x{v - 'P2ix) - vi)\^k{^i,vi,yi)d^idmdyi- 
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By i|3.3p we have for some constant C that 

wo(a;, y, f2{X)) = uj{x, C, Co, Vq) 

< Cuj{x,C,£,o - (,i,yo - yi)v2{^i,yi), 

which implies that 

^^o{x,y,£,,v) < C'^^{x,C,£.o - £.i,yQ - yi)vi{v - (P2(x) - m)'>^{^i,vi,yi) 

Hence if 

F{xX,^,z) = \Vxa{x,C,£„z)uj{x,C,£„z)\ 
Giv) = \vi{v)xiv)\ 
Hkiv) = Tfc(C,r/,y)ui(ry)u2(C,y) = ^k{^,V,y)v{tv,y), 

then we get 

Jk{x,y,^,r],()i^o{x,y,£„v) 



-^JjJ " " " ^2(^) - m)HkiiuVuyi) diidmdyi. 

By applying the L^-norm on the latter estimate we get 



<C2||G|Ui||i?feIUi //// F{xX,^,-v'3iX))dxdyd^dC 



<C3\\v"\\l,^,i JJJJ F{x,Ct-^3iX))dxdyd^dC, 

for some constants Ci, . . . , C3. Hence, by taking {x, — i^3(X), C, () as new variables 
of integration, and using l|3.ip we get 



"life 
I Mf 



Hence, by applying the Lj^^^-^ norm on the latter estimate we get 



\\Ka,jMl , < II^IIli 



= E ^ /// ® X)l * |Tfe|)(e - dMXo), -dMXo), V - dyifiXo)) dyd^drj 

= E ^ ® * ~dcviXo),v) dyd^dr, 

k—0 

k=o 

00 _J 

^^^"'Efc!ll«llM^(C'||^''||M~.0'= = C'd-i|la|lMiexp(q|(^''||M=^.i), 

fc=0 

where the second inequality follows from p.ip and taking x — —d(^ip{XQ) as new 
variable of integration in the j/-direction. This proves the assertion in this case. 
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For general a £ Af^, the asserted continuity now follows by applying Proposition 
11.41 in a way similar as in the proof of Proposition ??. We leave the details for the 
reader. 

Next we consider the case p = oo. Assume that a S M^^^^(R^") and h G 
M^\y^^(R^"), and let ip{x,y,^) — —ip{x,^,y). Then l|3.ip also holds when ip is 
replaced by (p. Hence, the first part of the proof shows that Kt^ip £ -^(i/^o) ' 
thermore, by straight-forward computations we have 

(3.5) {Ka,^,b) = {a,Kb^^). 

In view of Proposition 11.11 (3) , it follows that the right-hand side in (|3.5p makes 
sense if, more generally, a is an arbitrary element in M^^CR?"), and then 

\{a,K,,^)\ < Cd-i||a||M,^,||&||M,^,,^,exp(C||^"|!M-0, 

for some constant C which is independent of d, a G M°° and b G M^. 

Hence, by letting Ka.ip be defined as p.Sp when a G M°° , it follows that a ^ Ka^^p 
on extends to a continuous map on M°°. Furthermore, since ^ is dense in 
M°° with respect to the weak* topology, it follows that this extension is unique. 
We have therefore proved the theorem for p G {1, oo}. 

For general p G [l,oo], the result now follows by interpolation, using Theorem 
4.1.2 in [3] and Proposition O □ 



3ID' S2ti- 51^2 = 1, \det{ipl^{x,y,0)\>d 

uJo{s2X - t2y, -Six + tiy, ti£, + si(p'y{x, y, f]),t2^ + S2(p'y{x, y, ??)) 



1321)' 

= w(a;, 77, ^ - if'^ix, y, 77), -i^^(a;, y, 77)) 

and 

i^o{x,y,£. + si(,ri + S2C) < i^o{x,y,£„v)vi{0, x,y,£„f],C e R" 

77,^1 +£,2,yi +272) < oj{x,ri,^i,yi)v2{£,2,y2), x,yi,y2,^i,£,2,V S R" 

v{x,yX,i,V,z) = vi{i^)v2{i,z), x,y,z,£,,j],C G R". 

Theorem [QT. Assume thatp G [1, 00], Sj,t^ G R /or j = 1, 2, d > 0, w G ^(R*^") 
is submultiplicative, u!o,uj G ^(R"'") and that (p G C(R'^") are such that ip is real- 
valued, d^ip & M^j^ for\a\^2 and (01]) '-((3J])' are fulfilled. Then the map 

a^Ka,^{x,y)= J a(iia; + t2j7,e)e^'^(*i^+*^^'^i^+^^^'«)de, 

from ^(R^") to ^'(R^") extends uniquely to a continuous map from M^^^(R^") 
toMlJR^-). 

Proof. By letting 

xi=tix + t2y, yi = six + S2y 

as new coordinates, it follows that we may assume that ii = S2 = 1 and t2 — si = 0, 
and then the result agrees with Theorem 13.11 The proof is complete. □ 

Assume that a G M°°(R2"), ti,t2 G R, and that (p G C(R^") is real- valued and 
satisfies d'^ip G M°°'^ for |a| = 2 and (JSH]) for some d > 0. Then we let the Fourier 
integral operator Op^(a) = Op^j.^ f^{a) be the continuous operator from J^(R") to 
o5^'(R") with kernel Ka^^p in Theorem 13. II Furthermore, since the case ti — 1 and 
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t2 = is especially important we set Op^_o('^) = Op^.i.ol'^)- The following result is 
now an immediate consequence of Theorem 13.11 and Theorem 4.3 in [35]. 

Next we consider Fourier operators when a G Af^'^^^(R^"). In the following it is 
natural to consider weights uji,uj2 G ,^(R^") and uj £ ^(R**") which satisfy 

(3-6 — — — r- < Cuj[x,T],^- ipi[x,y,r]),-ip3[x,y,r])), 

uji{~six + tiy, -t2? - (P2{x, y, 77)) 

for some constant C. 

The proof of the following proposition in the case p — 00 can be found in [?, 19]. 

Proposition 3.2. Assume that p £ [l,oo], uuj e ^(R^"^), for j — 1,2, and 
UJ e ^(R2"i+2n2-) fulfill for some positive constant C 

< Cu{x,y,^,7j). 



^i{y-, -v) 

Assume moreover that K £ M^''^^(R"i+"^) and T is the linear and continuous map 
from ^(R"i) to =5^'(R"2) defined by: 

(Tf){x)^{K{x,-)J), /e^(R"^). 

Then T extends uniquely to a continuous map from M^^^^(R"'^) to Mj^^_^^(R"^) 

Proof. By Proposition ll.il (3) and duality, it sufRcies to prove that for some constant 
C independent of / G and g G y{W^), it holds: 

\{K,g®J)\<C\\K\U,.\\g\\^^,, \\f\\^^^,> . 

l'-) ^"(1/^2) (-1) 

Let us set uj^^x^S,) = — ^), then by straightforward calculation and using 

Remark [131(7) we get 

\{K,g® f)\ < Cilli^IlM,^^, 11.9 ® f\\,,.' < C2\\K\\mp^^ \\9\\M^:,._\\fKir' 



(-) ^"(l/c^2) 



(l/i^) •.•^1 "'(1/^2) {'^3) 



□ 



Proposition 3.3. Assume that, 1 < p < 00, d > 0, w G ^(R^") is submulti- 
plicative, cji,W2 G ^(R^") and uj G ^(R''"+2™) are such that is fulfilled for 

some constant C, and that a G A/^'^j"'^(R^"+™). Also assume that ip G C(R'^") are 

such that ip is real-valued, d°'ip G M^j^ for \a\ = 2 and l|0.4p are fulfilled. Then 
Op^ g(a) extends to a continuous operator from M^^^j(R") to Mj^^^j(R"), and 

l|Op^.o(a)/||M,- , <Cd-^a\\,,j^.4f\Uj^ exp(C||^"||,,,^0- 

Proof. We shall mainly follow the proof of Theorem 3.2?? in [?]. Assume that 
/,<? G ^(R"), and that < x,V' G C^f (R2"+™) and < xo G C^f (R") are such 
that 

IIxo||li = IIxIIl^ = i 

and = 1 on suppx- Also let X = (x,y,C) G R2"+™ and Xi = {xi,yiXi) G 
j^2n+m usual. By straight-forward computations we get 



(Op^(a)/,.g)- J a{X)f{y)g{x)e'^^''Ux 

= 11 a{X + Xi)x(Xi)2/(y + yi)xM9{x + a;i)xo(a:i)e^'^(^i)'^(^+^i) dXdX^ 
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If =^i,2a denotes the partial Fourier transform of a{x, y, C,) with respect to the x 
and y variables, then Parseval's formula gives 

(OpJa)/,5) 



F(X,e,r7,Ci)^(/(y+ ■)xo){-ri)^{9{x+ ■)xom dXd^dr^dCi 

F{X, 71, Ci) dCi) (VxofKy, -^)(^xo<7)(^,Oe^'(<"'«>+<^^''» dXd^dfj, 
where 

e, ry, Ci) = ^i.2(e^'^( ■ ■ + ( • , Ci))x( • , Ci)') (C, 

In order to further reformulate the action of Op^(a), we let V'i,x and ip2,x be 
the same as in (|2.2p . and set 

(3.7) =/ix*(^(a(. +X)x))(C-^U^),'7-^;W,-^c)' ^here 

hx - (27r)-("+™/2)(^(e'"''^-^x)) 
Next let tf^i.x and V'2,x be the same as in (|2.2p . Then 

y F(X,e,r7,Ci)rfCi 

= Ha AX. e - ^'AX), V - 'p'yiX), -v'cix)), 

where 
(3.8) 

naAx,^,v) 

= (27r)-("+™/2)(^(e^'/'^^-x)) * (^(«( • + X)x)){X,^- v'AX),V~ v'y{X), ~^'c{X)). 

Summing up we have proved that 
(3.9) 

(Op^(a)/,g) - III Ha.A^, V) (V^a f) iv, -v) (^xoS) d^^Cd'? 
Since 

|^(a(- +X)x)(e,7?,^)| = |(K,a)(X,e,77,2)| 

we therefore get 

FiX,trj,(:i)dCi\ < (|^(e*'^^.-x))l*l^x«(^. • )|)(^-^L ^-^^ -^C W) 

oo ^ 

^ E (1^1 * * ■ )i)(c - w, ^7 - v'U^), -v'c w). 

where 

$fc,x = |^(V'2,x)| * ■ • • * |=^(V'2,x)|, A: > 1, 
with fc factors in the latter convolution. 
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By Lemma [STTl it follows that there is a function G £ Lj^-j such that \^['ip2,x)\ < 
G and ||G||ii ^ < C||(/3"|jj^j^oo,i for some constant C > 0. Hence if = G * ■ • • * G 

with k factors of G in the convolution, then it follows that |<i>fe,x| < TCfe and that 

WTuWlI^ < G^GWl.^^ < Gl\\G\\l,^^^ < G|||^"||^,^^,„ 

for some constants Gi , . . . , G3 . Here the first inequality in the latter estimate follows 
from the fact that v is submultiplicative. 
By letting 

Jk{X, e, 77) = (Ixl * Tfc * \V^a{X, ■)\){C-^'AX),fi- ^'y{X), -^'^{X)), fc > 1, 
it follows now that 

/oo 
F(X,^,77,Ci)dCi| <G^ Jfc(X,e,r;). 

fc=0 

Let ai{x, y, C) = cl{x, C). For some real-valued function 9, we have 

|(Op^,o(a)/,5)|-(2^)-"| jjj e^''V^,a,{X,^,r^,-^'^{X)) 

V^fiy, -V - ^'2{X))V^gix,^ + ^[{X))e'''^''-i-^^ d^drjdX 



-^JJJ \^X2<xX.^,~^3{X))x{v)VJiy,~V-^2iX))V^gix,^ + ^[{X))\dCdrjdX 
In order to include the conditions for weight functions we set 

H{^,y) = snp\{V^^a){x,(,£„y)^{xX,^,y)\ 

Fi{x,0 = \iV^f){x,0^ii^,Ol F2{x,0 = \iV^g){x,0i^2{x,0r'l 
and we note that 

(u,) ('^1) ^"(1/1^2) 

By taking ^ + ip[{X), ?] and X as new variables of integration, and using i|3.6p we 
obtain 



|(0p^^o(«)/,5)l <G JJJ \v^Mx,(:,^,-V3ix)Mx,C,^ - ^\(X),-v's{X))\ ■ 

\V^f{y, -ry - ^',{X))i,,{y, -^',{X))\\V^g{x, ^ + ^[{X)){uJ2{x, Or'Wmi d^di^dX 

-^III ^(^-^iW'-^3W)^2(a;,0|V^x/(j/, -^-^'2(^)^1(2/: -^2(^))l \x{v)\d^dTjdX. 
Since toi belongs to ,^(R^"), it follows that 

for some vi G ^(R"), giving that 

V^fiy, -r, - ^'2{X))u;,{y, -^',{X))\ |x(r/)| 
< V^fiy, -77 - ^'2(X)Vi(y, -ry - mv)vi{v)\ < Fi{y, ~v ~ ^2iX))h{v), 

where h{ri) = \x{v)^iiv)\ G F^- 
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A combination of these estimates and Holder's inequality give 
(3.10) 

|(0p^,o(a)/,5)l <C fff H{^-^[{X),-^',{X))Fiiy,-Tj-^'^{X))F2ix,0Hv)d^dvdX < CJrJs 



where 

J? = III - ^[(X), ~^',iX))F^{y, -rj - ^mYhir^) d^drjdX, 



^2 ^JJJ H{C-^[{X),-ip',{X))F2{x,-Cr h{Tj)dCdvdX 

We have to estimate Ji and J2. By taking xq = ip'^{X), Co — v'2iX), y, £, and rj 
as new variables of integrations, and using l|0.4p . it follows that 

Ji < [d-' J ■ J H{^-ip[{X),~xo)Fi{y,-r,-Corh{v)dxodyd^df]dCoy^'' 

= (d-i||i/|U.||/.|UO'/^l|i^ilU.. 

Hence 

(3.11) Ji<iChd-'\\a\\,,^^.y/^\\f\\MP^^^. 

If we instead take x, yo = ip'^{X), ^, r/ and Co — v'i{X) as new variables of integra- 
tions, it follows by similar arguments that 

m' J2<(ad-ia|U^»a)'/^'ll.9llM^' • 

(^) (1/^2) 

A combination of fSTTOl) . ((3?TT|) and fSTTT]) ^ now give 

M ("l) ^"(1/^2) 

which proves the assertion. □ 

Theorem 3.4. Assume that p G [l,oo], a e AfP(R^"), ti,t2 £ R, and that (p G 
C(R'^") is real-valued and satisfies d°'ip G M°°'^ /or \a\ — 2 and l|3.ip for some 
d > 0. Then the definition of Op^ i^{a) from ^(R") to ^'(R") extends uniquely 
to a continuous map from (R") to MP(R"). 



By combining Theorem ??, Theorem 13.11 and interpolation, we obtain the fol- 
lowing result. 

Theorem 3.5. Assume that p,q [1,00] are such that q < min(p,p'), a G 
MP''?(R2")^ ii,t2 G R, and that ip G C(R^") is real-valued and satisfies d°'ip G 
M°°'^ for \a\ — 2. Also assume that l|0.4p and p.ip are fulfilled for some d > 0. 
Then the definition of Op^ f_^ ^^{a) from ^(R") to ^'(R") extends uniquely to 
a continuous map from (R") to MP(R"). Then the definition 0/ Op^^ (a) 
from ^(R") to o5^'(R") extends uniquely to a Schatten-von Neumann operator of 
order p on L^(R"). 

Proof. We may assume that q ~ min(p,p'). First assume that p < 2, and let 
h G ^'(R^") be chosen such that h{x, D) — Op^{a). Then the operator kernel of b 
belongs to M^, and since is invariant under partial Fourier transformations in 
view of Remark [L3] (5) , the result is a consequence of Proposition 1.7 in [35]. 

If instead p = 00, then it follows from Theorem ?? that Op^(a) is continuous 
on L^, which proves the result in this case as well. The result now follows for 
general p G [2, 00] by interpolation, using Proposition 11.51 and l|1.5p . The proof is 
complete. □ 
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